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At finite temperature, the stable equilibrium states of a two-component superfluid with the same
mass in both non-rotating and rotating cases are obtained by studying its real dynamics via holog-
raphy, the equilibrium state is the final stable state that does not change in time anymore. Without
rotation, the spatial phase separated states of the two components become more stable than the
miscible condensates state when the direct repulsive inter-component coupling constant η is large
enough when the Josephson coupling  is zero. A finite  will always prevent the two species to be
separated spatially. Under rotation, with vanishing , the quantum fluid reveals many equilibrium
structures of vortex states by varying the η. As the couplings increases from attractive to repulsive,
the interlaced vortex lattices undergo phase transitions to vortex sheets with each component made
up of chains of single quantized vortices.
The gauge-gravity duality[1–3] that relates strongly
interacting quantum field theories to theories of classic
gravity in higher dimensions has provided a new scheme
not only to study many different strongly interacting con-
densed matter systems in equilibrium[4, 5], but also to
study the real time dynamics when the system is far away
from equilibrium [6–10]. The first proposed theory of
a single component holographic superfluid was given in
[11–13]. The array of vortices is known to happen in a
rotating superfluid[14], which has been obtained in holog-
raphy by studying the full dynamics of the holographic
superfluid in a rotating disk as the final time independent
solutions[15, 16], single vortex has been obtained as a
static solution in the presence of rotation without study-
ing the dynamic process[17–21]. Interestingly, rather
than lattices, the quantum vortices can concentrate in
sheets [22], where the vortices are aligned to make up
winding chains of singly quantized vortices. Vortex sheet
has been observed in 3He A[23] and is also believed to
be observed in multi-component Bose-Einstein conden-
sations (BECs)[24]. However, the vortex sheet solution
has not yet been obtained in holography. The purpose
of this Letter is to show that in a gravity dual super-
fluid theory with two order parameters, the vortex states
reveal many equilibrium structures. The exotic vortex
sheet is one of the structures that happens when the re-
pulsive inter-component coupling is large enough, we also
found that these unconventional solutions under rotation
are related to the phase separation phase founded when
there is no rotation. Because of the nonlinear nature
of the gravity theory, we will have to rely on numerical
methods by solving a highly nonlinear partial differential
gravity equations (PDEs).
The holographic model we use is a bottom-up construc-
tion containing two coupled charged scalar Fields living
in an AdS black hole background, which is an extend of
the single component holographic superfluid model pro-
posed in [12]. The action takes the form[25]
S =
∫
d4x
√−g
[
−1
4
F 2−
2∑
j=1
(|DΨj |2−m2j |Ψj |2)+V (Ψ1,Ψ2)
]
,
(1)
the inter-component coupling potential between the two
charged scalar fields read
V (Ψ1,Ψ2) = (Ψ1Ψ
∗
2 + Ψ
∗
1Ψ2) + η|Ψ1|2|Ψ2|2, (2)
where  is called the Josephson coupling while η is the
direct coupling. Also in the action, Fµν = ∂µAν − ∂νAµ,
Dµ = ∂µ− iqAµ with q the charge. The AdS4 black hole
background with Eddington-Finkelstein coordinates,
ds2 =
`2
z2
(−f(z)dt2 − 2dtdz + dr2 + r2dθ2) . (3)
in which ` is the AdS radius, z is the AdS radial coor-
dinate of the bulk and f(z) = 1 − (z/zh)3. Thus, z = 0
is the AdS boundary while z = zh is the horizon; the
Hawking temperature is T = 3/(4pizh). r and θ are re-
spectively the radial and angular coordinates of the dual
2+1 dimensional boundary, which is a disk that suitable
to study the properties of the two component superfluid
under rotation.
Without loss of generality we rescale ` = zh = q =
1. Therefore, the equations of motions (EoMs) can be
written as
(−D2 +m2j + η|Ψk|2)Ψj + Ψk = 0, ∂µFµν = Jν , (4)
where (k, j) ∈ (1, 2), (2, 1). Jµ = ∑k i(Ψ∗kDµΨk −
ΨkD
µΨ∗k) is the bulk current. The axial gauge Az = 0
is adopted as in [7, 13]. Near the boundary z = 0, by
choosing that m21 = m
2
2 = −2, the general solutions take
the asymptotic form as,
Aν = aν + bνz +O(z2), (5)
Ψj = Ψ
1
jz + Ψ
2
jz
2 +O(z3). (6)
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FIG. 1. (a)-(b) The overlap factor χ as a function of η. (c)-
(d) The configuration of 〈O1(x)〉(black line) and 〈O2(x)〉(red
line) in a phase separated phase.
j = 1, 2, the coefficients ar,θ can be regarded as the su-
perfluid velocity along r, θ directions while br,θ as the
conjugate currents [17]. Coefficients at and bt are re-
spectively interpreted as chemical potential µ and charge
density ρ in the boundary field theory. Moreover, Ψ1j is a
source term which is always set to be zero, Ψ2j is the vac-
uum expectation value 〈Oj〉 of the dual scalar operator
in the boundary. The rotation is introduced by imposing
the angular boundary condition as [18]
aθ = Ωr
2, (7)
where Ω is the constant angular velocity of the disk. The
EoMs Eq.(4) are solved numerically by the Chebyshev
spectral method in the z, r direction, while Fourier de-
composition is adopted in the θ direction. The time
evolution is simulated by the fourth order Runge-Kutta
method. The GPU Computing is used to speed up the
calculation. The initial state at t = 0 is always cho-
sen to be a homogeneous solution for fixed (, η) when
there is no rotation, which can be obtained by solving
the time independent Eq.(4) by fixing a charge density
ρ with the Newton-Raphson method. The time evolu-
tion continues until the fluctuation in the norm of the
two order parameter becomes smaller than 10−5, in or-
der to guarantee the obtained solutions are the final sta-
ble state that do not change in time any more. There
is critical ρc(, η) above which the two scalar fields will
condense with the same value. From numerics we found
that ρc(0, 0) ∼ 4.07, then the dimensionless critical tem-
perature is T 0c =
3
4pi
√
ρc(0,0)
= 0.1183. Turning on η from
−0.5 to 0.5 will not alter the critical temperature, though
a positive/negative η will reduce/increase the value of
order parameter a bit. By tuning  from 0 to 0.1, the
critical ρc is decreasing, means the critical temperature
FIG. 2. Four typical vortex phases at T = 0.82T 0c : (a)
 = 0.1, η = 0.1, ω = 0.2. (b)  = 0, η = −0.5, ω = 0.1. (c)
 = 0, η = −0.2, ω = 0.07. (d) = 0, η = −0.1, ω = 0.1.
is increasing, for example, the ρc(0.1, 0) = 3.7 indicates
a higher Tc = 0.1241. In all the dynamic simulation
we set T = 0.82T 0c , at which for every combination of
−0.5 ≤ η ≤ 0.5 and 0 ≤  ≤ 0.1, the system always have
a stable homogeneous solution with the same finite value
of order parameters for the two components.
Phase separation is an inhomogeneous solution that
the two condensates do not overlap spatially. The im-
miscible state can be more stable than the miscible state
with a lower free energy, which is a result of the repul-
sive interaction between the two condensations when the
positive η is large enough, which can be seen from the
potential Eq.(2). Such an inhomogeneous stable solu-
tion can be obtained by solving the full time depen-
dent equation. At initial time the system is in a ho-
mogeneous and miscible solution with Ψ1 = Ψ2 at fixed
, η, such a homogeneous state might be a metastable
state which can evolve to a final stable inhomogeneous
state, which will not change in time anymore, the real
ground state. Without rotation, it is more convinient
3to adopt the Cartesian coordinate rather than the po-
lar coordinate in the boundary theory, the metric is then
ds2 = `
2
z2
(−f(z)dt2 − 2dtdz + dx2 + dy2). To study the
phase separation just in x direction, we take the ansartz
that all the fields are functions of t, z, x. To quantita-
tively describe the spatial overlap of the two condensa-
tions, we define an integral
χ =
∫ L
0
dx
|〈O1(x)〉||〈O2(x)〉|
|〈Oh〉|.2 , (8)
where 〈Oh〉 is the corresponding homogeneous order pa-
rameter at t = 0, the length L = 50.
If χ = 1, system shows no phase separation, and it
stays in the initial homogeneous state. Otherwise, if
χ  1, it would be fair to say the system shows phase
separation. In the intermediate case, the system is par-
tially phase-separated and partially phase-mixed. In Fig.
1(a), we show the overlap integral χ as a function of η at
three different temperatures when  = 0. The increase of
χ along temperature when η = 0.5 indicates that the sys-
tem is harder to enter the phase separation phase, agrees
with the increased correlation length of both condensa-
tions when T is approaching Tc. In Figs. 1(b), the χ(η)
is shown for three different  at a fixed temperature, a
small  = 0.01 will increase the χ(η), indicates that the
two condensations prefers to overlap spatially by increas-
ing . For the case  = 0.1, the system is always in the
phase overlap state even in the strong repulsive interac-
tion when η = 0.5. Two samples of 〈O1,2〉 of a separated
phase are shown in Fig.1 (c), and Fig.1 (d). Such an
immiscible state has been experimentally observed in a
two-[26] and three-[27] component quantum fluid. In ad-
dition, the phase separated state can also be obtained
from a holographic first order phase transition in inho-
mogeneous black holes[28, 29].
In the presence of rotation, focusing on the case when
the holographic two component superfluid is at a tem-
perature T = 0.82T 0c , we find several kind of vortex
phases. Firstly, a finite  = 0.1 will prevent the system
to phase separate, then we expected that the vortices of
the two component coincide, and a triangle vortex lat-
tice is expected as in the one component case[15]. A
sample result is shown in Fig.2 (a), the parameter are
 = 0.1 and η = 0.1, even increasing η to 0.5, we always
see the vortices of both components have the same po-
sitions, matches the two single vortex solutions for both
components obtained in ref[31]. With this fact we set
 = 0, by increasing the inter-component interaction η
from −0.5, the system will approach the phase sepa-
rated regime. Then the interlaced lattice are expected,
that vortices in either component are filled by the other
component. The sum of 〈O1〉 and 〈O2〉 is found to be
an approximate constant with small fluctuation, this is
the holographic realization of Thomas-Fermi distribu-
tion. In Fig. 2 (b),(c) and (d), by increasing η from
FIG. 3. Two typical perfect vortex sheet solutions and the
corresponding radial profiles of 〈O1,2〉 and superfluid velocity
v1,2 at T = 0.82T
0
c : (a)  = 0, η = 0.2, ω = 0.15. (b)  =
0, η = 0.2, ω = 0.3.
−0.5 we see square lattices(−0.5 ≤ Ω ≤ −0.1) and vortex
stripes(−0.1 < Ω < 0.05). The square lattice is stable,
presumably due to the fact that each vortex in one com-
ponent can have all its nearest-neighbor vortices to be in
the other component[34].
In a classical turbulence, the vortex sheet is a thin
interface across which the tangential component of the
flow velocity is discontinuous. In quantum fluid, Landau
and Lifshitz firstly proposed the vortex sheets scenario in
rotating superfluid , almost at the same time when Feyn-
man published his paper on quantized vortices in super-
fluid. A quantum vortex sheet solution is that the vortic-
ity concentrated in line with the irrotational circulating
flow stay between them. For decades, the vortex sheet
has not been observed in superfluid 4 He due to the unsta-
ble tangential discontinuity against the breakup of sheet
4into pieces. However, vortex sheet has been observed
in chiral superfluid 3 He-A since it can be stable in due
to the confinement of the vorticity within the topologi-
cally stable solitons[23]. For a review, see Ref.[30]. The
other candidate to demonstrate vortex sheet is a quan-
tum fluid with repulsive two order parameters. Since the
phase separation naturally provide a region of vanish or-
der parameters of one component while the same region is
filled with the other component, under rotation, the nu-
cleated vortices merge to form a winding sheet structure
like serpentine in the order parameter vanishing region
instead of forming a periodic lattice. As shown in Fig.3,
in the phase separation region η > 0.05 (see the line cor-
responding to 0.82T 0c in Fig.1(a).), we find the expected
exotic vortex sheet solutions. The vortices of the 〈O1〉
are located at the region of the domains of 〈O2〉 com-
ponent. This can be understood from the fact that the
condensate of one component works as a pinning poten-
tial for the vortices in the other component. By forming
vortex sheets, the condensate achieves remarkable phase
separation compared to a lattice. The superfluid veloc-
ity vj =
√
(∂rθj)2 + (∂θθj/r)2 is also plotted in Fig.3,
the superfluid velocity jumps across the sheet, which is
a typical characteristics of sheet solution. Furthermore,
the vortex sheets near uniformly fill the disk, and the
distance d between the layers are equal.
By the minimization of energy Landau and Lifshitz
calculated the spacing d between the neighboring vortex
sheets [22]:
d ∝ Ω−2/3. (9)
We confirm that the formula also hold in a two compo-
nent superfluid, a sample result when  = 0, η = 0.2 is
plotted in In Fig.4 (Left). As another important prop-
erties of superfluid, the Feynman linear relation between
the excited vortex numbers and angular velocity in one
component superfluid may can naturally generalizes to a
two component superfluid as
Nj =
MjΩ
pi~
. (10)
However, the Feynman relation can be violate due to
the interlocking of the vortices in a two component
superfluid[32, 33]. Interesting, in the holographic model
we also investigated the validity of the Feynman relation
in the two-component system and found no obvious devi-
ations from it, since the two components are of the same
mass then N1 = N2. A sample result is given in Fig.
4(Right) for  = 0, η = 0.2.
The results from AdS/CFT correspondence can be
compared to experiments, for example, in ref [34], the in-
terlaced square lattice similar to Fig.2(c) were observed.
Also in the experiment, the vortex core size of the inter-
locked are bigger than the one of one component, which
we can also observe in Fig. 2. The sheet solution is
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FIG. 4. (Left): The sheet distance d as a function of Ω on
a Log-Log plot. (Right):Vortex number of both components
vs. angular velocity Ω . The temperature is fixed to be T =
0.82T 0c .
expected in the highly separated region, which may can
be observed experimentally in a two component BECs
with tunable intercomponent interactions, which can be
deeply in a phase separate region[35, 36]. The two species
are of the same mass, then the vortex core size are the
same as shown in Fig.2 and Fig.3. Using of different
masses for the two components, we will realize a coexis-
tence system of vortices with different vortex-core sizes,
then the lattice structure shown in this work may be
changed, which deserves to be studied in future. Fi-
nally we comment the properties of the finite tempera-
ture holographic two-component superfluid that are dif-
ferent from that of the weakly coupled zero temperature
two-component BECs studied in [24]. Firstly, in the
finite temperature strongly coupled holographic super-
fluid, thermal fluctuations and the increased correlation
length will delay the appearance of the phase separation
phase at a larger repulsive coupling η (see Fig.1 (a)).
Secondly, the triangle and square lattices (see Fig.2 (a-
d)) are less perfect in the holographic model compared
to the perfect lattices founded in a very low tempera-
ture rotating spinor BECs[34]; the distortions of regu-
lar lattices found here is very likely introduced by the
thermal fluctuations since the system is in a relatively
high temperature close to T 0c . We have confirmed that
at higher temperature T = 0.98T 0c , the vortex lattice
becomes more disorder with a lower translational sym-
metry, this is also the case we observed in a single com-
ponent superfluid for different temperatures[15]. Employ
a gravity dual theory at zero temperature defined in AdS
soliton[37], the vortex lattice with perfect hexagonal and
square symmetry are expected to obtained in single and
two-component superfluid respectively. Thirdly, even at
finite temperature, the perfect sheet solutions with accu-
rately equidistant layers were obtained for the first time
from holography (see Fig.3) in the deeply phase sepa-
rated regime probably because of the strongly coupling.
While in a weakly coupled zero temperature BECs[38],
the distance d between sheets are not perfect equal which
is harder to calculate when comparing the numerical re-
5sults to the Landau-Lifshitz formula.
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